Abstract The parallel metamorphic mechanism is a novel metamorphic mechanism. Its kinematics analysis is not only a new research field, but also a difficult problem. In this paper, with the origin of coordinates on the moving platform describing its position and Euler angles describing its orientation, we present the quaternion expression of an arbitrary point's location on the moving platform in the fixed coordinate system. Then a method to establish the unified mathematical model for kinematics analysis of the parallel metamorphic mechanism is presented. Based on this unified mathematical model, forward and inverse kinematics analysis of the parallel metamorphic mechanism in different configurations can be conducted. Using kinematics analysis of a novel 4-URU parallel metamorphic mechanism, the proposed kinematics analysis method is further elaborated, and the resultant elimination method is presented to solve the kinematics equations. Finally, a numerical example is given to verify that the proposed method is correct and effective.
Introduction
The metamorphic mechanism is a novel mechanism which firstly proposed at 25th ASME Biennial Mechanisms and Robotics Conference in 1998 [1, 2] . From then on, the metamorphic mechanism has become a hot research spot in the field of mechanisms. Metamorphic mechanisms have a broad application prospect in many fields such as aerospace [3, 4] , modern manufacturing [5, 6] and robots [7] [8] [9] . As the development of the metamorphic mechanism is still in its infancy, the current study of metamorphic mechanisms focuses on the structure theory [10] and has made some research results [11] [12] [13] [14] [15] [16] [17] . However, there are few kinematics researches on metamorphic mechanisms especially that combined with the metamorphic transformation. Literature [2] pointed out that kinematics analysis of the metamorphic mechanism should be combined with the metamorphic transformation to reveal the metamorphic characteristics of it. Therefore, kinematics of metamorphic mechanisms combined with the metamorphic transformation is a significant research area for further in-depth research on metamorphic mechanisms.
Parallel mechanisms have many advantages such as large stiffness, strong load capacity and high motion accuracy [18, 19] . The metamorphic mechanism is capable of changing its structure to meet the structural requirement and motion requirement in special running conditions. So, parallel metamorphic mechanism, which has the dual advantages of parallel mechanism and metamorphic mechanism, is of great research value. But kinematics analysis of the parallel metamorphic mechanism is a difficult problem due to its special structural features. Firstly, kinematics study of the parallel metamorphic mechanism must be combined with the metamorphic transformation because of its variable number of members and degrees of freedom. Secondly, the mutual coupling among branch chains makes it difficult to conduct the kinematics analysis, especially obtaining the analytical solutions of high-order nonlinear equations set of kinematics model in positive solution analysis [20] . Although the existing methods of kinematics analysis in parallel mechanisms [21] [22] [23] are partially applied in parallel metamorphic mechanisms, the parallel metamorphic mechanisms are essentially different from traditional parallel mechanisms. Therefore, it is required to study new methods for kinematics analysis of the parallel metamorphic mechanism.
With the origin of coordinates on the moving platform describing its position and Euler angles describing its orientation, we give the quaternion expression of an arbitrary point's location on the moving platform in the fixed coordinate system, and then present a method to establish the unified mathematical model for kinematics analysis of the parallel metamorphic mechanism. The kinematicalmathematical model unifies the kinematics analysis of different configurations after metamorphic transformation as the same unified kinematic equations. Variables of the unified mathematical model vary with the mechanism's configurations. Therefore this unified mathematical model can be used in forward kinematics and inverse kinematics analysis of metamorphic mechanisms with different configurations. Using the kinematics analysis of a novel 4-URU parallel metamorphic mechanism, the proposed kinematic analysis method is elaborated in detail: firstly the unified mathematical model of the mechanism is established; then forward and inverse kinematics analysis of the mechanism in two configurations is conducted and the resultant elimination method to solve the kinematic equations is presented; finally, it is verified that the proposed method is correct and effective by a numerical example.
The Method for Kinematics Analysis of the Parallel Metamorphic Mechanism
Kinematics analysis of parallel metamorphic mechanisms focuses on forward kinematics and inverse kinematics analysis. It is crucial to establish a unified mathematical model which applies to both forward kinematics and inverse kinematics in different configurations. Then forward kinematics and inverse kinematics analysis based on this unified mathematical model will be conducted. We take the fixed coordinate system connected to the fixed base as xyz À o f g, where xyz are three coordinate axes and o is the origin of coordinates. The moving coordinate system connected to the moving platform is uvw À q f g , where uvw are three coordinate axes and q is the origin of coordinates. The position and orientation of the moving platform are expressed as ðx q ; y q ; z q ; a; b; cÞ, where ðx q ; y q ; z q Þ is the coordinate of the origin of moving coordinate system in the reference coordinate system, namely fixed coordinate system, representing the moving platform's position and ða; b; cÞ is Euler angle of the moving platform. The rule of Euler angles describing the orientation of the coordinate system uvw À q f gis as follows. The initial orientation of uvw À q f gcoincides with the fixed coordinate system xyz À o f g, that is to say their origins coincide and the xy and z coincide with uv and w respectively. First, rotate uvw À q f garound w with a, and then b around v, and finally c around u. The three rotations are relative to the moving coordinate system uvw À q f g . The positional relationship in two coordinate systems of any point p on the moving platform in a certain configuration is expressed with quaternion as
where, w r a ¼ cos
is the quaternion expression of p in uvw À q f gand o q is the quaternion expression of the origin q of uvw À q f gin xyz À o f g. Metamorphic mechanisms have the characteristic of configuration variable, which do not have in general mechanisms. The basic principle of metamorphic mechanisms' kinematic analysis is: when the metamorphic mechanisms is in the initial configuration, establish a unified mathematical model applicable in different configurations, and then conduct forward kinematics and inverse kinematics analysis of metamorphic mechanisms based on this unified mathematical model. According to this principle, the detailed process is as follows.
Select the key joint point between the moving platform and branch chain when the parallel metamorphic mechanism is in the initial configuration. According to the metamorphic mechanism's structure size, the key point's position expression with joint variables as equation variables can be established. The key point is also on the moving platform. According to Eq. (1), the key point's position expression is established with the moving platform's position and orientation variables as equation variables. Thus the unified mathematical model including joint variables and position and orientation variables for the kinematic analysis of metamorphic mechanisms is established by synthesizing the metamorphic mechanism's structure equations and position and orientation equations. Based on the kinematic equations, positive solution and inverse solution analysis of the metamorphic mechanism in different configurations are conducted as follows.
Inverse kinematics analysis is to analyze the kinematic pairs' input variable values of the metamorphic mechanism in different configurations with the known mechanism's structure size, position ðx q ; y q ; z q Þ and Euler angles ða; b; cÞ. The metamorphic kinematic characteristics of the parallel metamorphic mechanism in different configurations will be analyzed firstly to calculate the corresponding degree of freedom and determine the corresponding input kinematic pair. Then the certain variable values are substituted into the unified mathematical model. These variable values include the mechanism's structure parameter values, variable values of the joints that metamorphose into fixed joints during metamorphic motion and the mechanism's position and orientation parameter values. Finally, the equations set of the kinematic model will be solved by resultant elimination method to determine the kinematic pairs' input variable values of the metamorphic mechanism in different configurations.
Forward kinematics analysis is to determine the position ðx q ; y q ; z q Þ and orientation ða; b; cÞ of the metamorphic mechanism in different configurations with the known mechanism's structure parameters and input variable values. First, the metamorphic kinematic characteristics of the parallel metamorphic mechanism in different configurations will be analyzed firstly to calculate the corresponding degree of freedom and determine the corresponding input kinematic pair. The first step is the same as the inverse kinematics analysis. Then the certain variable values are substituted into the unified mathematical model. These variable values are including the mechanism's structure parameter values, variable values of the joints which metamorphose into fixed joints during metamorphic motion and the mechanism's input variable values. Finally, the equations set of the kinematic model will be solved by resultant elimination method to determine the moving platform's position and orientation variable values of the metamorphic mechanism in different configurations.
In the following, a 4-URU parallel metamorphic mechanism will be analyzed in detail to elaborate the proposed kinematic analysis method. Figure 1 shows a novel 4-URU parallel metamorphic mechanism. The platform below is the fixed base, the one above moving, and both of them are square flat plates. Every joint connected with the two platforms is distributed at the midpoint of the square side length. The centers of U joint are on the fixed base and moving platform respectively. During the movement of the metamorphic mechanism, its revolution axis is parallel or perpendicular to the fixed base or moving platform. The U joint shown in Fig. 2 and R joint shown in Fig. 3 are metamorphic kinematic pairs. The metamorphic joint is composed of gear ring, sun gear, planet gear, planet carrier and locking pin. They can rotate or be locked under the control of locking pins in planet carriers, and then their degrees of freedom can be 2, 1 or 0. If the kinematic pair is locked, the two components connected by it will have no relative motion, and thus the number of effective components of the metamorphic mechanism will be changed. 
Kinematic Analysis of a Parallel Metamorphic Mechanism
Creating a coordinate system shown in Fig. 1 . The origin o of the fixed reference coordinate system is located at the geometric center of the fixed base. Its x-axis and y-axis get through the center of the U joint on the fixed base. The origin q of the moving coordinate system is located at the geometric center of the moving platform. Its u-axis and v-axis get through the center of the U joint on the moving platform. h n1 $ h n5 denote the joint angle of the corresponding kinematic pair. The h n1 is the joint angle of the U joint at A n perpendicular to the fixed base's revolution axis, representing the angle between the projection of A n B n in xoy plane and x axis. Its range of values is 0
. The h n2 is the joint angle of the U joint at A n parallel to the fixed base's revolution axis, representing the angle between A n B n and xoy plane. Its range of values is 0
. The h n3 is the joint angle of the R joint's revolution axis at B n , representing the angle between B n C n and xoy plane. Its range of values is 0
. Side length of the fixed base and moving platform are denoted as 2a and 2b respectively. Length of component A n B n and B n C n are denoted as l and m respectively. The coordinate of A n in the reference coordinate system is ðx An ; y An ; 0Þ, coordinate of C n in the reference coordinate system is (x Cn ; y Cn ; z Cn Þ and coordinate of C n in the moving coordinate system is (u Cn ; v Cn ; 0Þ.
Metamorphic kinematic characteristics of this parallel metamorphic mechanism will be analyzed separately in another paper. Here gives the metamorphic kinematic characteristics directly. In the first configuration, all the metamorphic kinematic pairs are not locked; the parallel metamorphic mechanism has 10 components, 12 kinematic pairs and four degrees of freedom: the moving platform's revolution around z-axis and translation along the three axes. During metamorphic movement, for the four U joints connected to the fixed base, we lock the rotation whose revolution axes are perpendicular to the fixed base, and for the four U joints connected to the moving platform, we lock the rotation whose revolution axes are perpendicular to the moving platform. Thus the eight universal joints metamorphose into revolute joint and the metamorphic mechanism metamorphoses into second configuration. In the second configuration, the parallel metamorphic mechanism has 10 components, 12 kinematic pairs and 1 degree of freedom: the translation of the moving platform is along z-axis. In the first configuration, taking U joints at A 1 and A 3 as input kinematic pairs, h 11 ; h 12 ; h 31 ; h 32 as input joint angles, and setting initial orientation as (0; 0; 0Þ, thus the position and orientation of the moving platform are (x q ; y q ; z q Þ and (a; 0; 0Þ respectively. In the second configuration, taking U joints at A 1 as input kinematic pair, h 12 as input joint angle, thus the position and orientation of the moving platform are (x q ; y q ; z q Þ and (a; 0; 0Þ respectively. During the mechanism's movement in the second configuration, joint variables h 11 and h 31 are constants. Position parameters x q , y q and orientation parameter a remain the same as the first configuration. Therefore the three parameters are constant and only the position parameter z q is variable during the movement in the second configuration.
In the initial configuration, taking C n as the key point for establishing the unified mathematical model, according to the size of mechanism's structure, then the position expression of C n is given as
According to Eq. (1), the position expression of C n is established as
Quaternion expression of C n in coordinate system xyz À o f gis given as
Quaternion expression of C n in coordinate system uvw À q f gis given as
Quaternion expression of the origin q of the moving coordinate system uvw À q f g in the fixed reference coordinate system xyz À o f gis given as
From the above kinematic characteristics of metamorphic mechanisms, we can know that this mechanism has two degrees of freedom: one is translation and the other one is revolution around z-axis. Therefore
wr a ¼ cos
Then substituting Eqs. (6)- (10) into Eq. (5), we can obtain
The imaginary parts of both sides of Eq. (11) are equal correspondingly. The position expression of C n with position and orientation variables of the moving platform as equation variables can be obtained as
A unified mathematical model suitable for both forward kinematics and inverse kinematics of parallel metamorphic mechanisms in different configurations can be obtained from Eqs. (2)- (4) and (12)- (14) as
Equations (15)- (16) contain joint variables h n1 ; h n2 ; h n3 of all branches and position and orientation parameters of the moving platform x q ; y q ; z q ; a. The joint variables vary with the different configurations of metamorphic mechanism. For the analysis of forward kinematics, the input of joints is known to analyze the mechanism's position and orientation. For the analysis of inverse kinematics, the process is reversed.
Inverse kinematics analysis of the metamorphic mechanism in the first configuration is as follows. Firstly, kinematic characteristics of the current configuration are determined. According to the above, the metamorphic mechanism in the first configuration has four degrees of freedom. Taking U joints at A 1 and A 3 as input kinematic pairs, h 11 ; h 12 ; h 31 ; h 32 as input joint angles, inverse kinematics analysis in the configuration is to find the joint angles h 11 ; h 12 ; h 31 ; h 32 of input kinematic pairs with the mechanism's structure size which is known, position (x q ; y q ; z q Þ and orientation (a; 0; 0Þ of the moving platform known. For branch 1, the coordinate of A 1 in reference coordinate system is ða; 0; 0Þ, the coordinates of C 1 in reference coordinate system and the moving coordinate systems are (x C1 ; y C1 ; z C1 Þ and (b; 0; 0Þ respectively. According to the unified mathematical model, the kinematics equations of branch 1 are given as
In Eqs. (18)- (20), unknown parameters are h 11 ; h 12 ; h 13 . These three equations with three unknowns can be solved. Therefore joint angles h 11 ; h 12 can be obtained from Eqs. (18)- (20) . By the same approaches, for branch 3, the coordinate of A 3 in reference coordinate system is ðÀa; 0; 0Þ, the coordinates of C 3 in reference coordinate system and the moving coordinate system are (x C3 ; y C3 ; z C3 Þ and ðÀb; 0; 0Þ respectively. According to the unified mathematical model, the kinematics equations of branch 3 are given as
ðl cos h 32 þ m cos h 33 Þ sin h 31 ¼ Àb sin a þ y q ð22Þ
Then joint angles h 31 ; h 32 can be obtained from Eqs. (21)- (23). Forward kinematics analysis of the metamorphic mechanism in the first configuration is as follows. As inverse kinematics analysis, kinematic characteristics of the current configuration are determined firstly. According to the above, the metamorphic mechanism in the first configuration has four degrees of freedom. Taking U joints at A 1 and A 3 as input kinematic pairs, h 11 ; h 12 ; h 31 ; h 32 as input joint angles, forward kinematics analysis in the configuration is to find the position (x q ; y q ; z q Þ and orientation (a; 0; 0Þ of the moving platform with the joint angles of input kinematic pairs and the mechanism's structure size known. According to the unified mathematical model, the kinematics equations of branch 1 are also Eqs. (18)- (20), but unknown parameters are x q ; y q ; z q ; a; h 13 . The three equations with five unknowns cannot be solved. Therefore it is necessary to combine kinematics equations of branch 3 to obtain positive solutions. Kinematics equations of branch 3 are Eqs. (21)-(23) which are described above. In the combined equations, the unknown variables are x q ; y q ; z q ; a; h 13 ; h 33 . Then six equations with six unknown parameters can be solved. Thus the position (x q ; y q ; z q Þ and orientation (a; 0; 0Þ of the moving platform can be analyzed by Eqs. (18)-(23) .
Inverse kinematics analysis of the metamorphic mechanism in the second configuration is as follows. The metamorphic mechanism in the second configuration has one degree of freedom: translation along z-axis of the moving platform. Taking U joints at A 1 as the input kinematic pair, h 12 as the input joint angle, inverse kinematics analysis in the configuration is to find the joint angle h 12 of the input kinematic pair with the mechanism's structure size, position (x q ; y q ; z q Þ and orientation (a; 0; 0Þ of the moving platform known. According to the unified mathematical model, in the kinematics equations of branch 1, the unknown is the input joint angle h 12 and the known is the output parameter z q . According to the characteristics of this configuration, the parameters x q ; y q ; a; h 11 are constant. In the kinematics equations of branch 1, Eq. (18) is related to Eq. (19) by taking the known parameters into consideration. Then two equations Eqs. (18) and (20) with two unknown parameters h 12 ; h 13 can be solved. Thus the joint angle h 12 of the input kinematic pair can be figured out.
Forward kinematics analysis of the metamorphic mechanism in the second configuration is as follows. Forward kinematics analysis in the second configuration is to find the position z q of the moving platform with the joint angles of input kinematic pairs and the size of mechanism's structure known. According to the unified mathematical model, the known parameter is the input parameter h 12 and the unknown parameter is the output position parameter z q of the moving platform. According to the characteristics of this configuration, the parameters x q ; y q ; a; h 11 are constant. In the kinematics Eqs. (18)- (20) of branch 1, Eq. (18) is related to Eq. (19) by taking the known parameters into consideration. Then two equations Eq. (18) and Eq. (20) with two unknown parameters z q ; h 13 can be solved. Thus the position parameter z q of the moving platform can be figured out.
Solve the Kinematical Equation by Using the Resultant Elimination Method
The following resultant elimination method is presented to solve the kinematical equations. In the kinematical Eqs. (18)- (20) describing the branch 1 in the first configuration, the unknown variables are h 11 ; h 12 ; h 13 , Assuming x 1 ¼ cos h 11 ,
The six equations for the inverse solution of branch 1 can be obtained from Eqs. (24)- (29) as
The procedure of solving Eqs. (30)-(35) by resultant elimination method is shown below. The variable x 6 in equations f 3 , f 6 is eliminated to obtain a new equation as
where C 7Àijkmn is a constant term.
The new equations after eliminating the variable x 6 are f 1 ; f 2 ; f 4 ; f 5 ; f 7 , where the variables are x 1 ; x 2 ; x 3 ; x 4 ; x 5 .
The variable x 5 in equations f 1 ; f 7 is eliminated to obtain a new equation as
The variable x 5 in equations f 1 ; f 2 is eliminated to obtain a new equation as
The new equations after eliminating the variable x 5 are f 4 ; f 5 ; f 8 ; f 9 , where the variables are x 1 ; x 2 ; x 3 ; x 4 .
The variable x 4 in equations f 5 ; f 8 is eliminated to obtain a new equation as
The new equations after eliminating the variable x 4 are f 4 ; f 9 ; f 10 , where the variables are x 1 ; x 2 ; x 3 .
The variable x 2 in equations f 4 ; f 9 is eliminated to obtain a new equation as
The above elimination process is shown in Table 1 . Equation (40) is the final characteristic equation. It is not difficult to find the numerical solution of x 1 . We can substitute the root of variable x 1 into f 4 ; f 9 and find the root of corresponding variable x 2 by the Euclidean algorithm. The roots of x 3 ; x 4 ; x 5 ; x 6 can be found by adopting the same method.
By the same approach, the kinematical equations of other branches and configurations can be solved.
Numerical Example
In this section, a numerical verification example will be presented to verify the proposed method. The geometric parameters of the 4-URU parallel metamorphic mechanism shown in Fig. 1 are Side length of the fixed base 2a = 100, side length of the moving platform 2b = 50, length of the component A n B n l = 60 and length of the component B n C n m = 60. 
Inverse kinematics analysis of the metamorphic mechanism in the first configuration is as follows. The position and orientation of the moving platform are respectively given as (10; 10; 100Þ and (10 ; 0; 0Þ, and then the problem is to find the joint angles, h 11 ; h 12 ; h 31 ; h 32 of the input kinematic pairs. According to the unified mathematical model and resultant elimination method, the joint variables h 11 , h 12 of branch 1 and the joint variables h 31 , h 32 of branch 3 can be derived inversely. The results are as shown in Table 2 and Table 3 respectively. The corresponding four mechanisms of the results are shown in Fig. 4 .
Forward kinematics analysis of the metamorphic mechanism in the first configuration is as follows. The joint variables h 11 , h 12 , h 31 and h 32 of the input kinematic pairs are respectively given as h 11 , then the problem is to find the position (x q ; y q ; z q Þ and orientation (a; 0; 0Þ of the moving platform. According to the unified mathematical model and resultant elimination method, real roots of the position and orientation of the moving platform can be derived. The results are as shown in Table 4 .
Inverse kinematics analysis of the metamorphic mechanism in the second configuration is as follows. The position and orientation of the moving platform are ig. 4 Four mechanisms of the inverse solutions respectively given as (10; 10; 100Þ and (10 ; 0; 0Þ, and known h 11 ¼ 137:001 . The problem is to find the joint angle h 12 of the input kinematic pair. According to the unified mathematical model and resultant elimination method, the joint variable h 12 of the input kinematic pair can be derived inversely. The results are as shown in Table 5 .
Forward kinematics analysis of the metamorphic mechanism in the second configuration is as follows. The joint angle h 12 of the input kinematic pair is given as h 12 ¼ 46:5061 , and four parameters are known as x q ¼ 10, y q ¼ 10, a ¼ 10 and h 11 ¼ 137:001 depending on the kinematics characteristics. Then the problem is to find the position z q of the moving platform. According to the unified mathematical model and resultant elimination method, real root of the position of the moving platform can be derived as z q ¼ 100.
Conclusions
Parallel metamorphic mechanisms are capable of changing their structures. They are essentially different from traditional parallel mechanisms, so new methods for their kinematics analysis are required. Therefore, in this paper, we give the quaternion expression of an arbitrary point's location on the moving platform in the fixed coordinate system, and present a method to establish the unified mathematical model for kinematics analysis of parallel metamorphic mechanisms based on it. The kinematical mathematical model unifies the kinematics analysis of different configurations of a metamorphic mechanism as the same unified kinematic equations. According to this unified mathematical model, a method for forward kinematics and inverse kinematics analysis of metamorphic mechanisms in different configurations is put forward. Through kinematics analysis of a novel 4-URU parallel metamorphic mechanism, the proposed kinematics analysis method is elaborated in detail: firstly the unified mathematical model of the mechanism is established; then forward kinematics and inverse kinematics analysis of the mechanism in two configurations are conducted and the resultant elimination method to solve the kinematic equations is presented. We obtain forward and inverse solutions of the 4-URU mechanism in different configurations; finally, by a numerical example, it is verified that the proposed method is correct and effective.
